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Abstract 
 
A class of  generic models of protocells is introduced, which are inspired by the “Los Alamos bug” 
hypothesis but which, due to their abstraction level, can be applied to a wider set of detailed 
protocell hypotheses. These models describe the coupled growth of the lipid container and of the 
self-replicating molecules.  
A technique to analyze the dynamics of populations of such protocells is described, which couples a 
continuous-time formalism for the growth between two successive cell divisions, and a discrete map 
which relates the quantity of self-replicating molecules in successive generations. This technique 
allows one to derive several properties in an analytical way. 
It is shown that, under fairly general assumptions, the two growth rates synchronize, so that the 
lipid container doubles its size when the quantity of self-replicating molecules has also doubled – 
thus giving rise to exponential growth of the population of protocells. Such synchronization had 
been postulated a priori in previous models of protocells, while it is here an emergent property. 
We also compare the rate of duplication of two populations generated by two different protocells 
with different kinds of self-replicating molecules, considering the interesting case where the rate of 
self-replication of one kind is higher than that of the other, but its contribution to the container 
growth rate is smaller. It is shown that in this case the population of offsprings of the protocell with 
the faster replicating molecule will eventually grow faster than the other.  
The case where two different types of self-replicating monomers are present in the same protocell is 
also analyzed, and it is shown that, if the replication follows a first order kinetic equation, then the 
faster replicator eventually displaces the slower one, while if the growth is sublinear the two 
coexist. 
It is also proven by an appropriate rescaling of time that the results which concern the system 
asymptotic dynamics hold both for micelles and vesicles. 
 
Keywords: protocell, self-replication, dynamical model, synchronization  
 1. Introduction 
 
While present day cells are endowed with highly sophisticated mechanisms, which represent the 
outcome of almost four billion-years of evolution, it is generally believed that the first life-forms 
were much simpler. Such protocells [11, 14] should have had an embodiment structure (micelle or 
vesicle), a simplified metabolism and a way to give rise to new protocells. Moreover, there should 
have been a rudimentary genetics, so that the offspring of a cell was “similar” to its parent. 
 
Besides their interest for the origin of life problem, protocells may be of much practical interest 
[11]: it is possible to envisage populations of such entities which grow and reproduce, specialized 
for useful tasks like e.g. drug synthesis.  
 
While protocells have not yet been built, it is extremely interesting to understand under which 
conditions these systems can actually evolve. Models are required to address this issue and, due to 
the uncertainties about the details, high-level abstract models are particularly relevant.  
 
We present here a protocell model loosely inspired by the so-called “Los Alamos bug” (briefly 
Labug in the following) hypothesis [9, 10]; however it abstracts from many details and can 
therefore be compatible also with other specific protocell models. This choice has been motivated 
by the quest for a model to describe how an initial population of protocells might evolve, rather than 
to present a detailed account of the working of a single exemplar.  
 
The level of detail can somehow be compared to that of a model by Kaneko [5], who however 
considered the interaction of two molecular types, which catalyze each other’s formation, having in 
mind a relationship similar to that of nucleic acids and proteins. In the Labug hypothesis, on the 
contrary, one deals with a single kind of self-replicating molecule1 - briefly SRM in the following - 
and a lipid container, which can be either a micelle or a vesicle. On the one hand, the presence of 
the SRM affects the growth rate of the container, e.g. by favoring the formation of amphiphiles 
from precursors, which exist in the neighborhood of the protocell outer surface (amphiphiles are 
supposed to be quickly incorporated in the lipid membrane). On the other hand, the very existence 
of the lipid container is a necessary condition for the working of the protocell, as it is assumed that 
SRMs are preferentially found in the lipid phase. 
 
So SRM catalytic activity favors the growth of the lipid container, which provides in turn the 
physical conditions appropriate for the replication of SRMs, without being however a catalyst. The 
relationship between containers and SRMs is different from the one considered by Kaneko and 
therefore requires the use of different equations. As we will show in the next sections, one of the 
main features of our models is that all the reactions occur close to the surface of the protocell, that’s 
why we called them “surface reaction models”. 
 
In section 2 we will introduce the basic features of a model with only one kind of SRM involved 
and we consider some slightly different versions depending on the growth rate for the SRM: a linear 
one and a sublinear one as suggested by the LA bug papers [9,10] and others [7, 13]. The model is 
continuous in time, and the dynamics is smooth during the growth of a protocell, but it is assumed 
that once the membrane size reaches a threshold, the protocell splits into two daughters units, as in 
the Chemoton model [4].  
 
We will then consider the evolution of a population of protocells, ignoring for the time being 
mutations in the SRM. In particular, it must be appreciated that the concentration of SRMs affects 
the growth rate of the protocell itself, and therefore the doubling time of the population. Starting 
                                                 
1 Actually, the self-replicating molecules in the Labug hypothesis are PNA; here however we will not make any specific 
hypothesis, and we will only suppose that the self-replicating molecules can be found in the lipid phase 
from the first protocell, which is born with a certain amount of SRMs, the rate of replication of 
SRMs will in general be different from that of the growth of the container. A consequence is that 
the amount of SRMs at the protocell division time may be different from twice its initial value, so 
each daughter protocell could start with a quantity of SRMs different from that of the parent 
protocell. Therefore the duplication time of the second generation will also be different from that of 
the first one. A natural question is how will these two quantities change in time, under the combined 
action of continuous growth and sudden division. Our main result is that, under very general 
assumptions, the initial quantity of SRMs in successive generations tends to a fixed point, and 
therefore the doubling time of the SRMs and that of the lipid container converge to the same value. 
 
Note that the problem of assuring consistency between the replication rates of the different protocell 
components is present in every Chemoton-like model, where protocell division is assumed to take 
place at a certain critical size. In the original Chemoton model [2, 4] the issue is handled by 
assuming a priori a stoichiometric coupling between the different processes, while here 
synchronization of protocell and SRM duplication times is an emergent property of the model, 
derived without assuming ad hoc stoichiometric ratios. 
 
In order to prove this result we introduce a mathematical technique which is well suited for this 
kind of problems: the continuous growth between two successive divisions allows conserved 
quantities, which are used to derive an iteration map for the value of the SRM quantity in successive 
generations. The map tends to a fixed point (thus proving synchronization) and provides 
quantitative information about the kinetics of protocell replication.  
 
We also compare the rate of duplication of two populations generated by two different protocells. 
Assume that the lipid container is made of the same molecules for both protocells, and that the two 
parent protocells differ only for the kind of SRM - let us call them type X and type Y. It is obvious 
that, if both the rate of self-replication and the increase in container growth rate due to X are higher 
than Y, then the population of offsprings of the X-containing protocells will grow faster than that of 
the Y-containing ones. A more interesting case is the one where the rate of self-replication of X is 
higher than that of Y, but its contribution to the container growth rate is smaller than that of Y. It 
will be shown that in this case the population of offsprings of the protocell with the faster 
replicating molecule will eventually grow faster than the other.  
 
In section 3 we address another important issue, namely the effects of the presence of different 
kinds of SRMs in a single protocell. They may be for example the outcome of random mutations 
from an initial single molecule, or may have a different origin. We will analyze the case where the 
two different types, X and Y, are present in the same protocell, supposing that there are no direct 
interactions between them, although of course the two are coupled by their co-inhabiting the same 
protocell. It will be shown that, if the replication kinetics is linear, the faster replicator eventually 
displaces the slower one. Also the extreme case of parasitic self-replicating molecules, which do not 
contribute at all to the growth of the protocell, will be analyzed.  
 
In section 4 we introduce a model where the replication of the two SRMs in the same protocell is 
non-linear, a hypothesis which is supported by detailed studies on template replication [1, 13]. Then 
the questions of the previous sections will be again analyzed with this new model and, as we will 
see, some different answers will appear due to non-linearity, in particular it will be shown that 
different species of SRMs can coexist. While this is the usual behavior with parabolic growth laws 
[6], the coupling with the growth of the container makes a precise analysis necessary in the case of 
protocells. 
 
In the final section, we will summarize the main results and discuss possible further improvements 
of our models. 
  
2. A basic model 
 
Let C be the total quantity of “container” (e.g. lipid membrane in vesicles or bulk of the micelle) 
and V its volume, which is equal to C/ρ (where ρ is the density, which will be assumed constant). S 
will denote the surface area, which is a function of V: typically, S is approximately proportional to 
V for a large vesicle with a very thin surface (a condition which will be referred to as the “thin 
vesicle case”), and to V2/3 for a micelle. Let X denote the total quantity (mass) of genetic material in 
the protocell lipid phase. Note that the model presented below is invariant with respect to the choice 
of the way in which either C or X is measured; for example, if they were measured as number of 
molecules the equations would retain exacty the same form (of course, the units of the kinetic 
constants would be different). 
 
We assume, according to the Labug hypothesis, that only the fraction of the total X, which is near 
the external surface, is effective in catalyzing amphiphiles formation. That is because precursors are 
found outside the protocell. For the same reason this applies also to the replication of X itself, here 
the precursors are nucleotides. Let us denote volume concentrations with square brackets. The total 
fraction of active X is proportional to δS[X]S, where [X]S is the volume concentration of X in a 
layer of width δ below the external surface. 
 
Let [P] be the concentration of precursors of amphiphiles in the external solution near the protocell 
surface; assuming it to be buffered, then it is just a constant. If the growth of the lipid membrane 
and the replication of SRM both take place near the surface, we have: 






−
−
λψ(X)S[X]η'=
dt
dX
(C)γχS[P]+[P]S[X]α'=
dt
dC
ν
S
S ϕ
,           [2.1] 
for some positive constants, denoted by Greek letters. 
The first term of the first equation is the growth due to the transformation of precursors into 
amphiphiles, AP → , catalyzed by the X-SRM, assuming the amphiphile A to be quickly 
incorporated in the membrane once produced. The second term is a spontaneous growth, due to 
spontaneous formation of amphiphiles, while the third term accounts for possible release of 
amphiphiles previously incorporated in the membrane (note that the exact form for the decay term 
has not been specified).  
The second equation describes autocatalytic growth of the X-SRM (with a possible non first order 
kinetics described by the exponent ν > 0). Possible degradation is taken into account by the last 
term λψ(X).  
 
We now neglect the term of spontaneous amphiphile formation, which is assumed to be smaller 
than the catalyzed term. We assume [P]= constant and we suppose that S is proportional to Vβ, and 
therefore also to Cβ (β ranging between 2/3 and 1). In this section and the following we will also 
assume ν=1 (linear self-replication kinetics), an assumption which will be released in section 2.3 
and in the whole section 4. By slightly redefining the constants we obtain: 






−
−
λψ(X)[X]Cη=
dt
dX
(C)γ[X]Cα=
dt
dC
S
β
S
β
''
'' ϕ
.                       [2.2] 
But [X]s is proportional to the concentration of X in the whole lipid phase, which is
2 X/V = ρX/C. 
Therefore, again incorporating constant terms in the rate constants: 






−
−
−
−
λψ(X)ηXC=
dt
dX
(C)γαXC=
dt
dC
1β
1β ϕ
.            [2.3] 
To get a feeling for the behavior of equations [2.3], let us consider the growth of a vesicle container 
with a very thin membrane (β≅1) in the case where X is constant and φ(C)=C. Then the first 
equation becomes: 
γCk=
dt
dC
−           [2.4] 
where k = ηX0 is a constant, X0 being the initial concentration of SRMs. Eq. 2.4 describes the 
growth of the lipid container up to its asymptotic value k/γ (provided that the initial value C0 is 
smaller than k/γ). 
 
We will assume that the protocell breaks into two identical daughters units when it reaches a certain 
threshold θ. Moreover, we will assume that the growth is essentially exponential, i.e. that the rate 
limiting steps in Eq. [2.3] above do not play a significant role when C< θ. Therefore the growth of a 
protocell up to its critical size is approximately ruled by the following equations (coming back to a 
generic container and non constant X): 






−
−
XηC=
dt
dX
XαC=
dt
dC
1β
1β
.             [2.5] 
This system of equations [2.5] will be the starting point for further analysis. 
                                                 
2We assume here that transport in the lipid phase is extremely fast, leading to homogeneous concentrations of SRM in 
the whole vesicle membrane or micelle. 
  
2.1 Analysis of the model 
 
Starting with an initial quantity of container C at time T0 equal to
3 θ/2, we assume that once C 
reaches critical value θ it will divide into two equal protocells of size θ/2. Let ∆T0 be the time 
interval needed to double C from this initial condition, and let T1 = T0+∆T0 be the time when the 
critical mass θ is reached. Since the initial value for C is fixed, ∆T0 is a function of the initial 
quantity of SRMs, X0. The final value of X, just before the division is then X(T1). Because we 
assume perfect halving at the division, each offspring will start with an initial concentration of SRM 
equal to X1=X(T1)/2. The successive doubling time will be denoted by T2 = T1+∆T1, and the third 
generation will start with an initial value X2=X(T2)/2, a.s.o. 
 
We generalize the preceding discussion with the following equations, which refer to the kth cell 
division cycle that starts at time Tk and ends at time Tk+1 :  
dt
T
(t)C=
θ
+k
k
T
∫
1
2
& ,     and )X(T=X k+k 11
2
1
+            [2.6] 
Note that in general X(Tk+1)#2X(Tk), although we will prove that this condition is asymptotically 
approached. Note also that the time needed to double the value of C is not constant between two 
successive generations, although we will also prove that constancy is also asymptotically 
approached. 
 
                                                 
3If the protocell which had been produced first had a different size, the initial C of each of its daughter cells would be 
exactly θ/2 , so we would take one of these daughters as our initial point. 
We observe that the function Q(t) = ηC(t)-αX(t) is a first integral for system [2.5], namely it is a 
constant quantity during each division cycle. Hence evaluating it at the beginning and at the end of 
the k-th generation we get: 
)αX(T)ηC(T=)αX(T)ηC(T kk+k+k −− 11 . 
Using the halving hypothesis and the doubling size threshold to divide as in Eq. 2.6 we obtain: 
2
2α 1
θ
η=αXX k+k − . 
This relation can be solved with respect to X
k+1
, leading to: 
2
1
D+X
=X k+k  
where D ≡ θη/2α. This can be iterated leading to  
D+X
D
+X=X
k
+kk
=m
m+k
+k 




 −




=











+∑ 10
1
0
0
1
1
2
1
1
2
1
2
1
22
1
.        [2.7] 
The interesting result is that, in the limit of large k, the initial quantity of SRMs converges to a fixed 
value: 
DX k → ,              [2.8] 
no matter how large the initial value of X
0
 was and independently of the type of the protocell 
container: micelle or vesicle, i.e. β=2/3 or β=1. 
 
This result tells us also that, after sufficiently many generations, the division period converges to a 
fixed value, therefore leading to exponential growth of the protocell population. In the thin vesicle 
case the doubling time can be computed explicitly using the second relation of system [2.5] for β=1. 
In fact in this case we can solve the equation for X to get at the k-th generation: 
ηt
keX=X(t) , 
which at the end of the division cycle gives: 
k
Tη
k+k eX=
∆
12X . 
Thus in the limit of large k, recalling [2.8], we get: 
ln2
1
η
Tk →∆ .              [2.9] 
No matter what the initial value of X is, the population tends to a condition where the doubling time 
is ruled by η only. 
 
In order to treat more general cases, for instance with β=2/3, we observe that [2.5] becomes: 






−
−
XηC=
dt
dX
XαC=
dt
dC
31
31
/
/
.           [2.10] 
Using once again the first integral Q to eliminate the dependence on X, we get: 
3132 QCηC=Q)CC(=
dt
dC //3/1 −− −−η  
which could be explicitly solved, providing however a cumbersome relationship f(C)=t, which 
would be very hard to invert in order to get an explicit expression for ∆T∞. On the other hand, we 
can find a good estimate for the limit of the division period for arbitrary β<1 because during each 
division cycle we have θ/2 ≤ C(t) ≤ θ. From the second equation of [2.10] we then get, for the k-th 
division cycle: 
β
k
β
k+k
β
k
Tη
k
θTη
eX
θ
eX
−−−∆ ∆
≤≤
 1 1
 2
1
 1 /
2X
/
, 
thus in the limit of large k and recalling that DX k → , we obtain the  bound for ∞T : 
ln2 ln2 2
 1 1
1
η
θ
T
η
θ βββ
−
∞
−
− ≤≤ . 
Note that also in this case the doubling time bounds estimates are based on η only. The fact that the 
behavior of the protocell is qualitatively the same for the vesicle case or the micelle case, is a 
general result of our model that we will prove in the next section. 
 
To conclude this first analysis let us indeed compare two different initial protocells, which may 
have different parameter values. It is intuitive (and could be proven) that if both α and η are greater 
for one protocell than the other, that one will replicate faster. But what happens if we compare two 
different protocells, one better at replicating nucleic acid, the other more efficient in generating new 
membrane material? For the β=1 case the answer is clear from the above equations [2.8] and [2.9]: 
the doubling time depends upon the rate of replication of the SRM only, and the population with the 
higher η will become the fastest growing one. Numerical simulations confirm that the same holds 
also for the β=2/3 case. 
 
Finally, it is important to remark that the results given above also hold in cases which are far more 
general than [2.5]. To derive them we have used only the constancy of the quantity Q, which can be 
straightforwardly proven for all the systems of the form  






X)ηf(C,=
dt
dX
X)αf(C,=
dt
dC
            [2.11] 
for arbitrary functions f(C,X).  
 
 
 
2.2 Micelle or vesicle doesn’t matter. 
 
We will now show that our model can give a unified qualitative description for both the micelle (i.e. 
β=2/3) and “thin vesicle” (i.e. β=1) cases. Once having done this, we will work only directly with 
the β=1 case as it is computationally simpler. By the arguments given in this section,  the 
conclusions thus obtained can then be straightforwardly applied also to the asymptotic behavior of 
micelles, as well as to vesicles of intermediate size, where 1>β>2/3. 
 
Let us observe that C(t) is positive for any finite t, so one can define a new time: 
dsC(s)+τ=τ
t
β
0 ∫ −
0
1 ,           [2.12] 
note that dτ/dt=C(t)β−1. Now let ω(t) be a quantity which satisfies a differential equation of the form 
( ) ( )( )tωFC(t)=
dt
td β 1−ω ,          [2.13] 
for an arbitrary function F. Define ψ(τ)≡ω(t(τ)), i.e. the same quantity ω but read in the new time 
variable, then its evolution is given by: 
( ) ( ) ( )( )τψF=
dt
tdω
dτ
dt
=
dτ
τdψ
.          [2.14] 
Let us now apply this idea to equation [2.5] 






−
−
XηC=
dt
dX
XαC=
dt
dC
1β
1β
, 
and define c(τ)=C(t(τ)), x(τ)=X(t(τ)). In terms of the new variables, using [2.14],  the above 
equations become: 






ηx=
dτ
dx
αx=
dτ
dc
, 
which have exactly the form of the model in the thin vesicle case. Therefore the analysis of the 
general case can be reduced to that of the β=1 case (taking into due account the fact that the new 
time τ is a function of t, the real time). Thus the asymptotic qualitative behavior is the same 
irrespective of the choice of the exponent, β-1. This implies that the evolution of a population of 
micelles or vesicles will be qualitatively the same: both will converge to a fixed point, but with 
different time scales. 
 
 
2.3 A non-linear model 
 
The methods used to study the linear model in section 2.1 can be easily adapted to the case where 
the SRMs follow a non-linear growth law, as suggested for the Labug model  [9,10]. Starting from 
equation [2.1] and recalling that [X]s is proportional to X/C and S is proportional to C
β, we get:  






−
−
νβν
1β
CηX=
dt
dX
αXC=
dt
dC
, 
where 0 < ν < 1, and once again all constant terms have been incorporated in the rate constants. We 
could perform the analysis in the general case, but thanks to our previous remark, it will be enough 
to consider only the case β = 1, which simplifies the system to: 






−ννCηX=
dt
dX
αX=
dt
dC
 1
.           [2.15] 
It can be directly verified that the following quantity is conserved during each division cycle: 
νν tX
η
α
tC=Q −− −  2 2 )()( . 
Evaluating Q at the beginning and at the end of the k-th period one gets (recalling the earlier results 
that follow from Eq. 2.6, namely that C doubles from θ/2 to θ at each division cycle and that Xk+1 
=X(Tk+1)/2) the following relation involving Xk+1 and Xk: 
ν
k
νν
ν 2
ν 2
ν
+k X+
α2
ηθ
=X −
−−
−
−
− 


















−  2
 2 2
 2
1
2
1
2
1
 1 ,        [2.16] 
which can be rewritten as follows: 
k+k pξ+H=ξ 1 ,           [2.17] 
once we define the auxiliary quantities:  
ν
kk
ν
ν
Xξ
p)θp(
α
η
H
p
−
−
−
≡
−≡





≡
 2
 2
 2
 1
2
1
.           [2.18] 
The relation [2.17] for ξk can be explicitly solved to give: 
p
p
H+ξppH+ξp=ξ
k
1+k
k
=m
m1+k
+k −
−
=
+
∑
1
1 1
0
0
01 .       [2.19] 
In the limit of large k, since p<1, we get: 
p
H
=ξξk −
→ ∞
 1
.           [2.20] 
thus ξk, and therefore Xk, tends to a constant asymptotic value and in this limit the division time 
becomes in this limit constant as well. Once again we have exponential growth of the population 
size even though the replication rate of SRMs is parabolic (see also [7, 12]) 
  
3. More SRMs in the same protocell 
 
Let us now introduce a second model where two different, non-interacting SRMs are present in the 
same protocell. This model of course generalises the previous one and moreover will allow us to 
consider new kinds of problems, for instance the coexistence of SRMs (section 4) or the presence of 
parasites (§ 3.1). 
 
Starting again by considering a linear replication law for SRMs, the model can be described with 
equations analogous to [2.5], namely: 









−
−
−−
YCη=
dt
dY
XCη'=
dt
dX
YCα+XCα'=
dt
dC
β
1β
β1β
1
1
''
''
.            [3.1] 
It is easy to guess that, if one of the two SRM outperforms the other both in replication rate and in 
contributing to the growth of the lipid container, it will be present in a higher proportion than the 
other in successive generations. So let us consider the more interesting case where X is better than 
Y to catalyze lipid production, while replication of Y is faster than that of X: 
''αα' >  and η'η >'' . 
As previously discussed we will only analyze the thin vesicle case, β=1. Hence we study the 
system: 









Yη=
dt
dY
Xη'=
dt
dX
Yα+Xα'=
dt
dC
''
''
.             [3.2] 
There are two first integrals: 
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η
α
tΧ
η
α
=(t)Q
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( )( )
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'η
''η
tY
tX
=(t)Q2        [3.3] 
as a direct computation easily shows. Imposing the constancy of these two functions over one 
duplication cycle we get two relations involving Xk and Yk, that can be analyzed to fully describe 
the dynamics of the model.  
 
Recalling the halving hypothesis for both SRMs, the constancy of Q2 at the k-th division cycle gives 
us:  
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which allows us to relate the relative quantities of X and Y for the kth division cycle with the same 
ratio at the initial time: 
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Since we assume that η'η >'' , we get from [3.4], in the limit of large k: 
( )
( )
0→
'η
k
''η
k
Y
X
.              [3.5] 
Therefore the relative proportion of X-type molecules with respect to those of Y-type vanishes 
through successive generations. 
 The constancy of Q1 at the k-th division cycle determines a second relation between Xk and Yk: 
( ) ( ) 12Y
''
1
2X
1
11 =Y
D
+X
D'
kkkk −− ++ ,          [3.6] 
where 
'
'
α
θη
=D'
 2
  and  
''
''
''
α
θη
=D
 2
 
There are four possible different options compatible with [3.6] namely:  
 
(1) Xk tends to 0 while Yk tends to a finite non-zero limit Y∞;  
(2) Yk tends to infinity while Xk stays bounded; 
(3) both Xk and Yk diverge in a way compatible with [3.4]; 
(4) both Xk and Yk vanish in a way compatible with [3.4]; 
 
However, only the first one is also compatible with the relation [3.5], thus in this case we have: 
0→kX  and 
''
k D=YY ∞→ .         [3.7] 
Hence the division time reaches a constant value that can be determined as follows. By [3.2c] we 
get: 
k
Tη
k+k eY=
∆''
12Y            
then in the limit of large k we have, ''k η=TT /2ln ∞∆→∆ , exactly as in the case of section 2, 
equations [2.8] and [2.9]. 
 
All the other possibilities must be rejected because the relation [3.6] cannot be satisfied when at 
least one between X and Y is unbounded or when both are equal to zero. 
 We are therefore led to the following result: if two different SRMs are present, the one with slowest 
replication rate asymptotically disappears in the future generations, in the case of linear replication. 
 
 
3.1 Fast replicating parasite 
 
Let us now consider the case of a parasitic fast replicating SRM, say Y, which gives no contribution 
to the growth of the lipid container, α”=0 and η'η >'' . Then system [3.2] still admits Q2 as a first 
integral, so that, reasoning as before, we get:  
 
( )
( )
0→
'η
k
''η
k
Y
X
,              [3.8] 
and again four possibilities as before have to be discussed. There is a second first integral that now 
reads ( )tΧ
η
α
=(t)Q
'
'
-C(t) 1 , from which we get a new relation for X at the beginning and at the end 
of any division cycle: 
( )k+k
'
X
η'
α
=
θ
−12X
2
.             [3.9] 
This equation cannot be verified if 0→kX  or ∞→kX , thus the only case left is ∞→ XX k , with 
X∞ finite positive value which must be equal to D’ ≡ θη’/2α to satisfy [3.9]. The constancy of X∞ 
implies the constancy of the division time which approaches the asymptotic value ∆T∞ = ln2/η’. 
Then [3.8] can hold if and only if ∞→kY . Perhaps this pathological behavior is fragile with 
respect to a small change in the system of equations. Indeed it disappears in the non-linear model 
considered in section 4.1. 
 We observe that thanks to our remark of section 2.2, these results also hold in the case of a micelle 
container, except that we cannot derive an explicit formula for the asymptotic doubling time, but 
again we can obtain upper and lower bounds following the same lines that we showed at the end of 
section 2.1 (detailed calculations are omitted here).       
 
 
4. Non-linear SRM kinetics  
 
We will now consider a model where the replication kinetics of the two SRMs replication is non-
linear in their concentrations, while that for the growth of the lipids is still linear. Assume moreover 
that the two SRMs are non-interacting. The starting model, in the case β=1 as usual, is: 
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where the exponent is the same for both X and Y, but the kinetic coefficients differ. There are now 
two conserved quantities: 
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the conservation of Q1 implies, between two consecutive divisions: 
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while the conservation of Q2 implies : 
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From [4.3] it turns out that X and Y cannot both vanish, or both become unbounded. However from 
[4.4] one can infer that the vanishing (or diverging) of X implies that of Y and vice versa. Therefore 
neither X nor Y tends to 0 or diverges. Thus both Xn and Yn tend to finite values X∞ and Y∞. 
 
From [4.4] it then turns out that: 
νν X
η'
η
=Y −∞
−
∞
 1 1 '' ,         [4.5] 
which when inserted into [4.3] determines the value of X∞. 
 
Thus both SRMs will reach a finite asymptotic value and the same is true for the duplication time, 
namely there is synchronization of both SRMs and container growth, with coexistence of two kinds 
of SRM. 
 
 
4.1 Non-linear fast replicating parasite 
 
In section 3.1 we already studied the case of a fast replicating SRM parasite in the case of the linear 
model. Let us now analyze the  non-linear model, where the SRM growth follows a non-linear law. 
Let Y be the fast, η’’ > η’, parasite, which doesn’t contribute to the growth of the container, so the 
model to study is given by: 
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There are still two conserved quantities (cfr. [4.2] with α’’=0): 
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As in the single-SRM case, conservation of Q1 during a division period, leads to: 
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which can be solved as we did in § 2.3, to give: 
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while conservation of Q2 leads to (cfr [4.5]): 
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Thus in this case, both SRMs, the useful SRM and the parasite one, will survive, reaching an 
asymptotic constant value. Also in this case there is synchronization with the division cycle. 
 
 
 
 
5. Conclusions 
 
In this paper we have introduced a class of abstract models of protocells, called surface reaction 
models because the growth of the lipid container and that of the self-replicating molecules take 
place near the cell surface. Although the inspiration was drawn from the Los Alamos bug 
hypothesis, the high abstraction level of our models may allow their application to a broader set of 
detailed models. Moreover, while our methods have been devised for models where growth and 
replication take place at the protocell outer surface, it may be worthwhile to explore their 
application to different approaches, like those where replication is supposed to take place in the 
inner compartment (see e.g. [8]). 
 
We also introduced a powerful analytical technique to study the behavior of this class of protocell 
models, which combines continuum methods, used to describe the growth between two successive 
protocell duplications, and discrete maps which relate the initial value of the relevant quantities of 
two successive generations. This technique also allows us to draw conclusions on the asymptotic 
properties of a micelle or a thick vesicle, by analyzing the “thin vesicle” case only, i.e. β=1. 
 
It has been shown that, under very general conditions, the replication rate becomes constant in the 
long time limit, which in turn implies exponential growth of the population of protocells, unless 
there are other limitations to growth. Synchronization of container and SRM duplication is here an 
emergent property, while in earlier models, like the Chemoton, it was imposed a priori through a 
stoichiometric coupling. 
 
We recently became aware of the fact that a similar synchronization has been demonstrated by 
Rasmussen and co-workers in another protocell model, using a different approach [12]. This 
suggests that such synchronization phenomena may be “generic”, i.e. common to several protocell 
models 
 
In the case where the growth of the self-replicating molecules is linear, it has been shown here that 
the doubling time depends only upon the rate constant for self-replication (so if there are two kinds 
of protocells, one with higher α and lower η than the other, the former will eventually be 
outperformed by the latter) and that, if there are two different SRMs in the same protocell, the one 
which is slower in replicating itself vanishes in the long time limit, even if it can provide a faster 
growth rate for the container. In the case of fast parasites these will dominate and lead to halting the 
growth. 
 
However, in the case where the growth of the self-replicating molecules is sublinear, it has been 
shown that two different SRMs coexist, reaching fixed ratios. While this could be expected in 
parabolic growth laws [6], the peculiar features of this protocell model, which couples self-
replication with container growth, require a precise analysis. 
 
This coexistence of different self-replicating molecules opens the interesting possibility of the 
existence of “optimal” mixtures of different SRM (with different kinetic parameters) able to lead to 
a high growth rate for the population of protocells. 
 
The models we studied are quite general and they can be applied to describe several specific 
systems. Some possible future directions of research include the following ones. Our models are 
fully deterministic and we can introduce and discuss the effects of random fluctuations in the 
division threshold and halving property. In our description each protocell “doesn’t feel” the other 
ones because it produces all what it needs by itself, thus it could be interesting to consider 
interactions between different protocells, as for instance exchange of genetic material. Finally, as 
already mentioned, we neglected the inner dynamics, assumed to be fast and in equilibrium; 
therefore one could improve the model by introducing a more realistic kinetics which, for instance, 
takes into account finite diffusion rates and limitations to the supply of building blocks or more 
detailed information about the protocell growth process (see e.g. [3]). 
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